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Abstract

T

We present a short review of the group-geometric approach to supergravity theories, from the point of
view of recent developments. The central idea is the unification of usual diffeomorphisms, gauge symmetries,
and supersymmetries into superdiffeomorphisms in a supergroup manifold. The example of N = 1 supergrav-
ity in d = 4 is discussed in detail and used to illustrate all the steps in the construction of a group manifold
action. In the Appendices, we summarize basic notions of group manifold geometry and of integration on
supermanifolds.
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Introduction
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Fundamental interactions are described by field theories with local invariances: the actions that govern
their dynamics are invariant under field transformations involving parameters that are (arbitrary) functions
of spacetime. This holds true both for gravity and gauge theories, where the local symmetries are general

coordinate and gauge transformations, respectively.
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The essential difference between these two types of local transformations, in their infinitesimal versions,
is that variations under diffeomorphisms always contain a derivative of the field, which is absent in gauge
transformations. As well known, this is due to the fact that general coordinate transformations relate fields
at different spacetime points, whereas gauge transformations relate fields at the same spacetime point.
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Nonetheless, it is possible to give a unified description of diffeomorphisms and gauge transformations.

This we achieve in a group-geometric framework.

R, BAWIRDI I RIRFIRITE S Gt —HR, ASCERE UTHESR RS2 77X — B o
The main idea is to consider as basic fields of the theory the components of the vielbein one-form o4 =
a(z)ﬁdz"‘ on the manifold of a Lie (super)group G, A being an index in the G Lie (super)algebra and z* the
coordinates of the group manifold. This vielbein satisfies the Maurer-Cartan (MC) equations
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where C4 are the structure constants of the G Lie algebra. A brief account of group manifold geometry

is given in Appendix "Appendix: Group Manifold Geometry”.
Hrb cj 2 G BREMEITHELL, Wt (R BERIE LA ST RERIE LAIE R4,

The G vielbein 0 (z) has a fixed dependence on the coordinates z , and therefore cannot be a dynamical
object. We must consider a ”soft” group manifold, diffeomorphic to G and denoted by G , with a vielbein
w4 not satisfying anymore the MC equations. The amount of deformation from the original “rigid” group

manifold is measured by the curvature two-form:
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Tangent vectors on G , dual to the vielbein u# , are denoted by t5 , so that u2 (tg) = 54 .
G EXMET vielbein uA MIYIIAIRIE N t5, WHIE uA (1) = 5 o

Diffeomorphisms along tangent vectors ¢ = €4t, on G are generated by the Lie derivative ¢, . When

applied to the G vielbein, the variation under diffeomorphisms takes the form:

G LifiIm & e = eAry WM FIEEZESE ¢, 2ER KHAERT G 1) vielbein, 53 RIIE FHYEE
RN

bt = de? + ChouPeC + 1 .RA (3)

where (. is the contraction operator (see Appendix "Appendix: Group Manifold Geometry”). On the
right-hand side, one recognizes the G -covariant derivative of the infinitesimal parameter ¢4 plus a curvature
term. When the curvature term vanishes, i.e., when LERA = 0, the diffeomorphism takes the form of a gauge
transformation, and the curvature is said to be horizontal along the ¢, s entering the sum in € = sAtA . Thus,
in group manifold geometry, gauge transformations can be interpreted as particular diffeomorphisms, along

the directions on which the curvatures are horizontal.
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This group-geometric setting is particularly suited to supergravity theories, where local supersymmetry
variations can be interpreted as diffeomorphisms in the superPoincaré group manifold, along the fermionic
directions. It is then clear how to proceed to find theories invariant under local supersymmetry transforma-
tions: we must devise a procedure that yields actions, invariant under superdiffeomorphisms. This is very
similar in spirit to the superspace approach [1, 2], where supergravity multiplets of dynamical (and auxiliary)
fields are contained into a single superfield depending on superspace coordinates, or to the gauge supersym-
metry framework, based on the superPoincaré group, initiated in [3]. However, the group manifold approach

has important differences, as we explain in the coming sections.
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The action is obtained with an algorithmic procedure, as the integral of a d - form,”living” on the whole
supergroup (soft) manifold G , but integrated on a d -dimensional bosonic submanifold of G . This leads to
an ordinary spacetime action containing the dynamical fields (and possibly also the auxiliary fields) of a d
-dimensional supergravity theory. This algorithm will be discussed in detail and applied to obtain the action
of N = 1,d = 4 supergravity.
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The original references, where this approach was first proposed, are given in [4-7]. Reviews can be found
in [8-13], and [14] is a standard reference for the use of differential forms in gravity and gauge theories.

ZITERAIR ARG S5 ST L [4-7], AHSRERAR] DL [8-13], HA [14] BRI TEARHT514H0
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The paper is organized as follows: In section ”Supergravity from SuperPoincaré Geometry,” we recall
the algebraic basis of d = 4,N = 1 supergravity as a theory on the (soft) superPoincaré manifold, and the
passage to a spacetime action. Section ”Symmetries” deals with the symmetries of the spacetime action, as in-
herited from the diffeomorphism invariances of the group manifold action. In section ”Variational Principle
and Field Equations,” the variational principle is formulated for the group manifold action, and equations of
motion are derived. The building rules for (super)group manifold actions are discussed in section ”"Building
Rules” and applied to arrive unambiguously at the group manifold Lagrangian for N = 1,d = 4 supergravity.
Some conclusions and a selected list of applications and advantages of the group-geometric approach are dis-
cussed in section "Conclusions.” Finally, the Appendices contain brief accounts of group manifold geometry,

integration on supermanifolds and gamma matrix properties.
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Supergravity from SuperPoincaré Geometry

K B e T LT 51

Soft SuperPoincaré Manifold

B PEME e

Supergravity in first-order vierbein formalism can be recast in a supergroup-geometric setting as follows:
Consider G = superPoincaré group, and denote the vielbein on the G manifold as u4 = (ve, w?b, ¥%) . The
index A = (a, ab, a) runs over the translations P, , Lorentz rotations M, , and supersymmetry charges Q,, of
the superPoincaré Lie algebra:

— bR SRS AT DA an 75 EA @R UTHEZR: 8 G = BINSERE, 1 G K LI
PRERIE ph = (V9 w%,9%) o 4645 A = (a, ab, «) Ja i@ ANSZ IR TR L B, | i858 E)
My, FIERFRG Q, :

[F, Pp] =0 @

[Map, Mcq] = —% (MaaMpc + NbeMad = NacMpd — baMac) ©)
[Maps 2] = =3 (hocFs — TacPs) (®)

[ Qe] = 0 ™)

[Mas» Qg] = 3 Qulran) ®)

Qe Op} = ~I(CY*) 5 ©

7 being the flat Minkowski metric and C,g the charge conjugation matrix. The spinorial generator Q,, =
QFf Cpq is a Majorana spinor, i.e., Qﬁcﬁa = Q;(yo)ﬁ « - Thus, the superPoincaré manifold has ten bosonic
directions with coordinates x¢ , y“b , parametrizing translations and Lorentz rotations, and four fermionic

directions with Grassmann coordinates 6% , corresponding to the four supercharges Q,,a =1, ...4.
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The components of the supervielbein of the G = (soft) superPoincaré manifold are the vierbein V¢ , the
spin connection w® , and the gravitino % , corresponding, respectively, to the generators P,, M}, , and Q, .

G = () FBEIBERIE BRI B0 BIBARZE Ve | HFEBREE ot T8I T oo, 2 BIx A
BT P, Mg, F Qy o

Using the structure constants of the Lie superalgebra, the curvature (2) becomes

HMAEBEARBEEEH L, HhR (2) fI5H

R = dV® - Ve — Sy = DV — Z3yy (10)
R = da — %°b (11)

1
p=dp— 70y = DY (12)

defining, respectively, the supertorsion, the Lorentz curvature, and the gravitino field strength. D is the
Lorentz covariant exterior derivative. Wedge products between forms are understood when omitted.

FANE N TR, BRI ENG M58, D Z2ICzEhZ NG, AlE wedge TN ERIATE
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Taking the exterior derivative of these definitions yields the Bianchi identities:

XHIXEETE SRS ST 15 2 EeZe B 5

dR* — w%RP + R4 VP — ihyp = DR + R4 VP — ighy%0 = 0 (13)
dR® — @R + wPR® = DR® =0 (14)

1 ab 1 ab = 1 ab
d:o - Zw YabP + ZR Vablp =Dp+ ZR Yablp =0 (15)

At this stage, all the fields depend on all G manifold coordinates, corresponding to the generators of the
Lie superalgebra: thus, V¢ = V% (x,y, 0),w® = @ (x, ¥,0) , and 9% (x,y,0) , where the coordinates x¢ ,
corresponding to the translations P, , describe usual spacetime. Moreover, the one-forms V¢, w? , and 1 live

on the whole G and therefore can be expanded as

TELERTER, FrA AHRAA TR R 2SRRI 28 G I Aehs: BRI Ve = Ve (x,,6) , 0% =
@ (x,y,0) F1 % (x,y,6) , HARPREAHL B, HIASR x¢ fREEN 2, 1o, —TTEA v, 0
o & XA G &, FIitA] DRI



Ve =V (x,y,0)dx* + Vi, (x,y,0) dy*’ + Vi (x,y,0) do* (16)
= wﬂb (x,y,0)dx* + coab (x,¥,0) dy* + w2 (x,y,0) do% 17)
P = P (x,,0) dxF + Y, (x,y,6) dy* + 9 (x, ,6) d6F (18)

Group Manifold Action

REATEIER =

The overabundance of field components and their dependence on y and 6 coordinates can be tamed by
defining an appropriate action principle. To end up with a geometrical theory in four spacetime dimensions,
we first construct a four-form Lagrangian L made out of the G vielbein u and its curvature R4 , according to
a few building rules to be discussed in section "Building Rules”. The resulting Lagrangian for superPoincaré

supergravity is given by

oy B 2 ACEATR y F1 6 ARRRARES AT DAsIE i A @ RIME BB, T R&S 2
HEINZE TR UMELE, FRATE STARIE g™ —wJ%iﬁiﬁ IR LAAER, H G AR pA K
HrR RA MEIIE RS H & L, BIENESEET | R AHR A H &8

L = R®VV e, g + 4hysyapVe (19)

We then define an action by integrating this Lagrangian on a four-dimensional submanifold M* of the G

manifold, spanned by the x coordinates.

SRIG AT I K iz B H BAE T x AAFRSK A G IR RIPU4E Fimt e M* _ER SKE SAR &

Integration on submanifolds M? of a d -form L that lives on a g -dimensional bigger space G is carried
out as follows: we multiply L by the Poincaré dual of M9 , a (singular) closed (g — d) -form 7,a that localizes
the Lagrangian on the submanifold M9 , and integrate the resulting g -form on the whole G . Thus, the group

manifold action has the general expression

TENXAE g EERZM G B d T L EFRIE M9 LIRS 4240 T 77 2T 3 L DL M9 i
SENHME, RI— Mg A H 2R BAE i M¢ ER (%) M (g — d) TBR nye , FESRIR g ¥
AN G LR, Bitk, BHRIE/EH R —RKIXRN

S=f L/\7]Md (20)
G

The fields of the theory are those contained in L , i.e., the G vielbein components, and the embedding
functions that define the M? submanifold of G, present in 7,4 . We will see later that the embedding functions
do not enter the field equations obtained from the variation of (20). This program makes use of standard
integration theory when G is a bosonic space, but requires some new ingredients when G is a supermanifold,

discussed in Appendix “Integration on Supermanifolds: Integral Forms.”
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XETREHRER I, MY G REIREN, TEEHRNNE, S SERE LR 3
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In our d = 4 supergravity example, the group manifold action is the integral on the 14-dimensional G =

soft superPoincaré manifold:

TERANIN d = 48510607, BERBIERRZTE 14 4 G = WEEMERY LR

S=U[ (RVVeeqpeq + 4ysyapV?) Nue (21)
G

Spacetime Action

I i

A spacetime action, i.e., an action that is the integral on M* of a Lagrangian containing fields depending
only on x , is obtained from (21) with a particular choice of nys4 . Integration on y and 6 coordinates produces
then the spacetime action. This particular Poincaré dual is the product of two pieces, np4 = 7, A 19 , Where

7y is a (singular) six-form that localizes the Lagrangian on the y = 0 hypersurface:

EfEHE, BN M* B, HASEIH BT SR T x BRI R, RREIEX nye HORFEEE
M QD) BE, Xy # 6 AEFRR D E RS ENZN S E R &, X DRSO #7275 70 3R
Nums =Ny AN, FH n, BRHASEA HBRIETE y = o @il Er G 73E

Ny =8 (y01)5(y02) 5(y23)dy01 AdYO2 A - Ady? (22)

Integration on the y coordinates reduces (21) to an integral on the superspace M*!* spanned by x and 6.
The y dependence of all fields in L disappears because of the delta functions in 7, , and the "legs” of L along
dy differentials are killed by the product of all independent dy*® in 7 . The other piece of ;4 (see Appendix
“Integration on Supermanifolds: Integral Forms”), after integration on 6 coordinates, produces an integral on
M?* of a Lagrangian four-form, not depending any more on the 6 and on the dé differentials. Thus, the action

Xty PR RE IR (21) AR HE x F 6 SRARATE S R M4 R >, BT ), TR & BRIEL, L PR
BN y BIRAERIHA T, H L dy o0 “037 $y PATEMAZE dy* BITRFTHZ. nye 1Y
F—HRor (W BRI MaEX” ) 14 6 ABFfr)E, 1§25 M* BIRA%EA H PYTE AR
73, GRS EHKHE 6 F1 d6 oy, R, fERE

Sspacetime = fNLAnM4 =f Ly:O,dy:O,G:O,dG:O
G M4

= f R®VV e p0q + 4PysyapV® (23)
M4
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contains only the usual fields V;* (x) and cofjb (%) and ¥ (x) of N = 1 supergravity and reproduces the
first-order supergravity action.

EE N =15 HNERT VE (). o (x) F9f (x), FFERT —F@Es| iEH =,

Note 1: 7, is closed (because it contains "functions” depending on y multiplied by all the dy differentials)
and not exact (because of the Dirac deltas § (y) ) and thus belongs to a nontrivial de Rahm cohomology class.
In general, deformations of the M* surface generated by diffeomorphisms leave the Poincaré dual 7 in the

same cohomology class, since the Lie derivative commutes with the exterior derivative.

T 1, U (FVER SRy B9 “BHEC REFTE dy for) BRI SE (ROIKHITE & B
(), RtEET—NEFILENS ERESE, —&ims, Mo FERERR M* PR SIE
PR E n PRFLER — D LRV, BNESESIHNSER 5.

Note 2: We will always assume that integration on the Lorentz coordinates has been carried out, so that all
fields depend only on x and 6 coordinates. Moreover, all curvatures are taken to be horizontal in the Lorentz
directions. As a consequence, the theory lives in a superspace M** spanned by four bosonic coordinates x®

and four fermionic coordinates 6% .

T 2: BAHARR R ELTE R T RECILEIRI Y, BRI A 0URIBT x 1 6 2645, BE4h, AT
i RERBONISACZET7 1] LR, dtt, IZPRIRE AR PSP B AR AR x@ FIPY SR AR AR 6%
SKARAIAEZS ] M4 H,

Note 3: The spacetime action (23) and its invariance under the supersymmetry transformations (45)-
(47) were first found in Ref. [15] in second-order formalism and in [16] in first-order formalism (see also the

standard references [17,18] on supergravity).

T 3: N2 & (23) MEAEERN TR (45)-(47) TR, BFEHSCHR [15] £ —MTEAAERT
1521, Sk [16] fE— AR TS 2 (53 WS | 71 22 88328 32K [17,18]),

Symmetries

XIFRTE:

The action (21) is the integral on G of a top form: it is clearly invariant under diffeomorphisms on G .
But what we are really interested in are the symmetries of the spacetime action as given in (23), where the
variations are carried out only in the x -dependent fields in L| y=dy=0,6=dg=o - L ne only symmetries guaranteed
a priori are the four-dimensional spacetime diffeomorphisms, the spacetime action being an integral of a four-

form on M* .

VR 21) 22 B UIURIIY: & BAAE G HIRS IR R A2, (BRITEEXIE R (23)
4IRS 23 (PR RLORTAREE,  ECH R LIy o - om0 PHHECHI x MRS SY, FUAAEGRIERIXFR
Ve DU 2B G, I 22 AT RE M L PO IRS
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Here resides most of the power of the group manifold formalism: if one considers the "mother” action
(20) on G , the guaranteed symmetries are all the diffeomorphisms on G , generated by the Lie derivative ¢,
along the tangent vectors ¢ = ¢4t of G . But how do these symmetries transfer to the spacetime action?

R IE A RIRER - UL T itt: 415508 G By “BE” (EF & (20), RECRIERINFRMER
G WM FIE, il G VIME € = ety MZESE 6, 2B, (BXEERFRIE QA& 32N 221 A
Ee?

The variation of the group manifold action under diffeomorphisms generated by ¢, is !

& is ' AERUIM S IR N BRI R AR 5y

5S=f~€a(LAU)=f~(€sL)/\77+L/\€z77=0 (24)
G G

modulo boundary terms. One has to vary the fields 2 in L as well as the submanifold embedded in G : the
sum of these two variations gives zero 3 on the group manifold action S . But what we need in order to have

a spacetime interpretation of all the symmetries of S is really

ORI, MUFREBUHRALE G HINTFRE, EFRERD LI 2 XN 2N BERTE
EF&R s /E 3, HERGE] S Frax IR 2188, HATLRFRZERZ

5S=/~(€€L)/\77=0 (25)
G

! Recall ¢, = t.d + d so that &, (top form) = d (¢, top form) )
VAR €, = tod + di., HIt 6, (RERIER) = d (¢ top form) )
2 Since ¢, satisfies the Leibniz rule, €.L can be computed by varying in turn all fields inside L .
2HT 6 RS, Al DUEEHIXZE 7 L BRI I RS2 6L .
3 In the following, the vanishing of action variations will always be understood modulo boundary terms.

3RSCRRIN, A 1 R 28 7 BT SR AR SR A SR

If this holds, varying the fields ¢ inside L with the Lie derivative ¢, as in (3), and then projecting on
spacetime, yields spacetime variations

ALHAL, Xt L NERI ¢ 2 SE 6, #8380 (s (3) FiR), B EIN =, SRR a2E)

8¢ (x) = €. (x,y.0)l, (26)

12



that leave the spacetime action (23) invariant. We have denoted by |, the projection on spacetime due to
the integration on y and 6 coordinates in (25). We call these variations spacetime invariances, since they leave
invariant the spacetime action. They originate from the diffeomorphism invariance of the group manifold
action and give rise to symmetries of the spacetime action (23) only when (25) holds. This happens if one of
the following conditions is satisfied:

KRN R (23) A, BAH |, FoRB=X (25) At y 11 6 ARFREMSRIRIN 215, F1AT]
FRIXEEAR S A A, R EN TR B &2, BN TRIR TR &0 R
At (4R (25) AL A SR ZER & (23) IR, 58 RYNE—SRRTRTRIER (25)
FXAT:

« The Lie derivative on 7 vanishes:

o n ERZESHONE:

=0 27)

« The spacetime projection of the Lie derivative of L is exact:

- LESHMNERE RS

(6L, = da (28)
In this case, the variation (25)
TEIXFMEOLT, 257 (25)
ss= [ wnrn=[ @, 29)
G M4

vanishes after integration by parts. The requirement (28) is equivalent to

SRR RTRR. 2 (28) T T

(tedL)|, = da’ (30)
since [, = (. d +di;anddn =0.

RNl =td+d, Hdnp=0,

The Lagrangian L depends on the G -vielbein x4 and its curvature R4 , so that also dL , after use of
Bianchi identities, is expressed in terms of u4 and R4 . Then condition (30) translates into a condition on the

contractions lERA ,i.e., a condition on the curvature components.

PIRSEAH & L AT G AR pA SH AR RA | R e BEIES RS, dL thal A uA 1 RA
Fone TRAM (30) AN (RA LRIZRM:, thai2ih®or& ErySM
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Let us see how this works for superPoincaré supergravity.

LEBAIB B IS EIEAIAE S | 12 i AR

Symmetries of d = 4 Supergravity

d = 4 @511 FRTE:

The symmetries of the spacetime action (spacetime invariances) are those generated by a Lie derivative
¢ such that (.dL| = da’, cf. (30). We need to compute dL .

I 2 F BRI (N2 ) S8 e K, T8 (dL|, = da’, 2K (30), FAFHELT
HdL,

Using the Bianchi identities (14) and (15) and the definition of the torsion R? in (10), we find:

A EEFR 14), (15), PAKIK (10) HHER R BEX, BARE:

dL = 2R%R V% peq + iIRPYY YV ¥epeq + 4PYsYapV O+

VsV YabPRIVE — 4pysyapR® — 2iysy, o7y (31)

The gamma matrix identity

I VEICEER SN

YeYab = Nac¥b — Nbc¥a + iEabchSYd (32)

implies g_bysycyabl,b = isabcdaydw , so that the second and the fourth term cancel in (31). Moreover, from

the Fierz identity in Appendix "Gamma Matrices ind = 3 + 1,” one deduces

ATHESH Pysyerapd = icapeay?y , HIEE RIS PUIAE R (31) HHKIH, HEAh, IRABATSE “d = 3+1
R ESAERE" PEPUREESEX, R

Yoy =0 (33)

and since Eysyap = pys7,Y also the last term in (31) vanishes due to (33). Therefore

XHT Pysyape = pysvad, SETR(33), &G THRE—HtNE, Kit

dL = 2RWR Ve p0q + 40YsYapV® — 49¥syapR? (34)
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Lorentz Gauge Transformations

e ZEE AL i

It is immediate to see that if all curvatures are horizontal in the Lorentz directions (no “legs” along w ),
then indeed tcab, , dL = 0, and Lorentz transformations are a spacetime invariance of the supergravity action.
This is essentially due to the absence of bare @ in L . The general diffeomorphism formula (3) yields then

the usual Lorentz transformations

AHERH, WIERATEMRERCILTT ERAKCTER GF o 6 87 ), BAWER e, ,dL =0
, BACRLE RS RN AR, XAB EREN L PR 0 o N— B FIE
A 3) RIS EIH WA e 2E 2

ety V= GV (35)

COccdy % = deP — % + whe@ = De®? (36)
1 ab

€sttcd¢ = ZE Yab¥ (37)

We can check directly the invariance of the action under these variations: all curvatures and vierbeins
appearing in (23) transform homogeneously, and Lorentz indices are contracted with Lorentz invariant ten-

SOrs.

FATAT LEFE SRS A BAEIX AR 7 TR ME:(23) FF IR A #EZ A vierbein #2577 IR Ht
9, Bigfeziiahr g Caa ka4,

Spacetime Diffeomorphisms

Iy 2345 73 R

Ordinary differentials along tangent vectors d,, dual to dx* are invariances of the spacetime action, since

(23) is an integral on a four-dimensional manifold of a four-form.

ET dx# BIYIIAIE o, R E B 2N S EH R, By (23) 2IU4ERE E— MY RE
oo

Supersymmetry Transformations

DN R

Differentials along tangent vectors ¢, dual to ) are spacetime invariances provided t.dL|, = total deriva-

tive with € = €%t , that is to say,

15



BT BT R ¢ B RINTSAERE, FiER dL|, =1 ¢ = e, 2T, i

tedL = 2 (1cRW®) ROV e gpeq + 2R (1.R) Veqpeq + 8pYsVa (1) V°

—42Y5YaPRY — 49¥s¥q (1:p) R — 49ysyap (1LR®) = tot. der. (38)

once projected on spacetime. This is a condition for the contractions on the curvatures, and it is satisfied
by

B BIN D B2 R, IXR R TR RIS, %S AT R e

.R? = (39)

_ _ —ab
1R = _gabefpefysygng - Eefg[“pefysygsvb] =06, V¢ (40)
[Ep = O (41)

Thus, we have supersymmetry invariance of the spacetime action if the curvatures have the following

parametrization on a basis of two-forms:

Klt, AR R BRI TS, BATIHUS ZIN 22 1 B AR FRA 22

R® = R¢ Vbye (42)

—ab
R = RByeyd + 9, yve (43)
p = papVV? (44)

where we have taken into account also horizontality in the Lorentz directions. The conditions (39)-(41)
are called "rheonomic conditions,” and similarly (42)-(44) are called "rheonomic parametrizations” of the

curvatures.

HABATEE [ T 24757 A B, 550 (39)-(41) by TIRTEA IR, K00, (42)-(44)
WHRAHRA TSR,

The diffeomorphisms along € = %¢, (supersymmetry transformations) act on the fields according to the
general formula (3), where the contractions on the curvatures are given in (39)-(41):
i € = et BT RIR (BIEX FRAeH) ARGEIEK (3) (ERIE R b, #iRAEIFH (39)-(41) Fth:

2.V = iey*) (45)
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—ab
b0 =0, eV°© (46)

6. = De = de — %wabyabs 47)

—ab
with 6, defined in (40).

—ab
Hre. B3N (40) & X,

Variational Principle and Field Equations

B R 5357

The group manifold action (20) is a functional of L and of the embedded submanifold M , and therefore
varying the action means varying both L and M . Varying M corresponds to varying 7, . Then the variational

principle reads

FEREMEH & (20) 2 L FIRA FIRTE M BTZER, (RIS B2 0 IRE RN LM 2257, Xt
M BN ROX nyy 2Ty, Ao RBAIRIAN

5S[L9M]=f~(5LAnM+LA5nM)=0 (48)
G

Any (continuous) variation of M can be obtained by acting on 7, with a diffeomorphism generated by
a Lie derivative ¢; . An arbitrary variation is generated by an arbitrary £ vector, and the variational principle

becomes

M HIER (GE82) 2R nEd 2 S8 0, AR RRERT ny 58, EEZEPBER & &
AR, ALY EHBEAR N

8S[L,M] =f (SLADM +L A €gnpy) = 0. (49)
G

Since field variations in L and variation of M are independent, the two terms in (49) must vanish sepa-
rately. From the vanishing of the first, we deduce

BT LB 5 M B EIRNL, (49) RSN AN F, BB —TNE, BIHESH

oL oL
SHA =— +dép A Ay =0 (50)
f@(¢ 458 N ) nom

where L = L (¢, d¢) is considered a function of the one-form fields ¢ and their "velocities” d¢ . A sum-

mation on all fields is understood. Integrating by parts and recalling dn,,; = 0 yields

HA L = L(¢p,dp) M A—TT8 ¢ S “WE” dp Ik, BRINNFEZRM, 589 ItsEE
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oL oL
spa(Z +d ATy =0 (51)
f@ 6 (53 + 430ag) A

and since the §¢ are arbitrary, we find

HHET 6¢ ZERH, BANGH

(a_L + da_L
d¢  0(dg)

This must hold for any 7, (i.e., for generic embedding functions): we arrive therefore at equations that

)/\nM:O (52)

hold on the whole G and are the form version of the Euler-Lagrange equations:

XX npy #EAL (BDHE R — AR A BRE0: FILFRAT S RIEREN G Lar 7R, BIRChL-Ris
M1 H 75 BRI SO

oL oL

3%t 5dp

If L is a d -form, these equations are (d — 1) -forms. Their content can be examined by expanding them

0 (53)

along a complete basis of (d — 1) -forms in G .

# L2 dER, MIXLETTRE (d - 1) BR TS G W (d — 1) BRI —H & B IF R AT EA]
IR

Requiring the vanishing of the second term in the variation (49) does not imply further equations besides
the Euler-Lagrange field equations (53): indeed, this term vanishes on the shell of solutions of Euler-Lagrange
equations. To prove it, notice that

ZORAET) (49) FHIE —WONE, AR BN WS H7 7712 (53) < INRESNTRE: L b, %
EWChI-RiA% B H 75 R B9, BRGNS, TEEE

./.NL ANCeny = —/ €¢L Ampyr = 0 (on shell) (54)
G G

because ¢¢L is just a particular variation of L , under which the action remains stationary on shell.
R 6L U L B —RReskaE oy, 1EffsT EIEREIIREFA.

Thus, the group manifold variational principle leads to the field equations (53), holding as (d — 1) -form

equations on the whole G :
Kk, BEREESEESH THAE (53), BIFEN (d - 1) BXABREEAN G LG
Note 1: The variational principle does not determine the embedding of M into G .

TEIC 1: 5 FETCERE M 2 G I,
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Note 2: The field equations (53) are form equations and therefore invariant under the action of a Lie
derivative. More precisely, if ¢ is a solution of (53), so is ¢ + €.¢ : Lie derivatives generate symmetries of the
field equations.

HEIC 2: 9751 (53) BT, RILAEZ SEMER N AZE, BEHERHL, 5 ¢ 2 (53) HIME, W o+ 6.4
WIRMR: 2SR TR PR EA SO,

Finally, we have the following:
e, TSR TEEL:

Theorem (dL = 0 (on shell) ). i.e., the Lagrangian, as a d-form on G, is closed on shell. To prove it, recall
that 7, is closed, so that on shell we find, cf. (54)

SE (AL = 0 (on shell) ) o BHMGEAHBIER G L0 d B, fEfEsE L2, IERT, [E1Z

nu B, Rt EBARE], 20 (54)

0= f LAy = f L Adiny = —(=)° f dL A tsny (55)
G G G

£ being arbitrary, this implies dL = 0 (on shell) 4
BT & RAERN, Xkl EM7E L) dL=0"
Let us apply the preceding discussion to the superPoincaré supergravity example.

LEBATPERTR I 18 B BB RN 5 | 116157,

Supergravity Field Equations

@51 137k

The variational equations (53) for the group manifold action (21) read

FERE e & 1) SRR

2RV g =0 (56)
2RV peq + 4ysy g0 = 0 (57)
8YsVapV? — 4757 R = 0 (58)

obtained varying @, V¢ , and 1 , respectively. The analysis proceeds as follows: we first expand the

curvatures on a basis of two-forms > , with a set of coefficient functions that are a priori unknown:
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IIANED X b, V4 BIMGH], DTSRRI T BATE SRR A S LREIF, RIFREL
PR SR AL

—a —_
R% = R4 VPVC +6.9V° + PpK4 (59)
b byeyd 4 a0 —rab
R = R Yeyd 4§, hV° + PpKbep (60)
P = PabVaVb + HYpVe + Qaﬁlp“lpﬁ (61)

4 In fact, this is just Stokes theorem applied to a d + 1 -dimensional region of G bounded by two different
hypersurfaces M and M" , with npyp = npp + €6 -

YL, XREREHEETEEN AT G MR FEERE M R MBI d + 14X, HA
R N =N + e o

> Assuming horizontality in the Lorentz directions. This amounts to consider configurations satisfying

the Lorentz horizontality constraints on the curvatures.

> RBBL2ETT 1A LRI, XS T8 8 R R RIS 2RK PR R A R,

and then insert them into the field equations (56)-(58). These, being three-form equations, can be ex-
panded on the basis Y, PV, V'V ,and VVV . Their content is given below (the three lines correspond to

the three equations of motion):

FEERATTTE (56)-(58), XLEHEEZERGE, 7T PAFERE i, YV, VvV fl VvV _EREFF,
HANBW RAR (SN =MEsh 5 2):

Py sector:
Yy 733K
Qup =0 (62)
0=0 (63)
K% =0 (64)
PYV sector:
PPV 71K
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2PKPV e apeq + 4ysyaHpVE = 0 (65)

0=0 (66)
—a
6. =0 (67)
PV'V sector:
YVV 33X
—ab — b
296 ¢VeVCEabcd + 4¢V57dpabvav =0 (68)
0=0 (69)
VsYaHppVOV® — dysy YRS, VVP =0 (70)
VVV sector:
VVV 5332
R¢. =0 (71)
1
R, — Eachdcd =0 (72)
YPap =0 (73)

Inserting RY. = 0 into (70) yields H. = 0, which used in (65) gives K%’ = 0. Thus, the only nontrivial
relation in the “outer” projections is (68), which determines 8%°, to be

¥ RS, =0 RN (70) B8 H, =0, FRREMT (65) 1351 K® =0, [Hit, T4+ #EHHE—IEL
HIEZR 2 (68), BT 6%, H

gub = —eabelg Vs¥e — 5£a£b]efg'5ef VsVg o

in agreement with the 6P2 obtained from the condition (40). In this way, we arrive at the same curvature
parametrizations (42)-(44) obtained in section "Symmetries of d = 4 Supergravity” by requiring spacetime

supersymmetry invariance.

33 5 A F (40) 1EEIRY 6900 — 5, SEIHXAI R, FRIWIHI TS “d = 4 3 HIIRHRIE —Fieh
SR AR R AR AR S0 (42)-(44),

Finally, the VVV sector reproduces the (super)torsion equation and the propagation equations for the

vierbein and the gravitino.
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&%, VVV SEILT (8) BRI, LA vierbein M5 [ 115 T HIEHE T 1%,
Note: from the torsion equation

T NBERTT1E

2R, =8,V — 8,V — af Vi + VP — i,y P, = 0 (75)

we can express the spin connection in terms of V' and ¢ , recovering second-order formalism:

BATRT DA v My Fos B helkss, /21—t

I{lvaP (ilﬂ/v@bp + EUsz/)y - Ep}/;ﬂ)bv - (U < P)) (76)

Building Rules

Fel s R

The group-geometric approach provides a systematic set of building rules [8] for constructing Lagrangians

of supersymmetric theories:
RE LA IR A EE N AR U RIAS B H B4R M T —BERGRIAIE AN [8]:

(1) Choose a Lie (super)algebra G , containing generators E, that can be associated with d spacetime
directions, and a Lorentz-like subalgebra H . Examples are the superPoincaré algebras in d dimensions or
their uncontracted versions (orthosymplectic superalgebras OSp (N | 2ld/ 2]) ). The fields of the theory are the
vielbein components of the soft group manifold G .

(1) ] —12 (8) K& G, EEEAXN d M ARERIT R, UN—1PRIELE S H
o BIFELHE d SHBIENSEREL, SUHARGIFRA (EAZ ¥R 0Sp (N | 242])), G R
BENY G WIbRZES &

(2) Construct the most general d -form on G , by multiplying (with exterior products) one-form vielbein
components o4 and two-form curvatures R4 , without bare Lorentz connection and contracting indices with

H -invariant tensors, so that the resulting Lagrangian is a Lorentz scalar.

(2) IS HMASE E—Tehrdesr & oA TR RA |, 15 G LIS R—MN d B, AREBIE0
Res, FFH H AR BEAIFER, MRASEINNE H RGN,

(3) Require that the variational equations admit the "vacuum solution” R4 = 0, described by the vielbein

of the rigid group manifold G .
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(3) ERAL 37T A AE ANITEREIRTE G RIPRAEIRRT “HZ M R =0,

(4) The construction is greatly helped by scaling properties of the fields, dictated by the structure of the Lie
(super)algebra G or equivalently by the Maurer-Cartan equations for the G vielbein. Considler, for example,
the superPoincaré algebra: it is invariant under the rescalings B, — AP,, M, — M_,p, Q, — A2Q,, . Then, the
curvature definitions (10)-(12) are invariant under

(4) Z= (8B) "8 G Mg5H, BREHE G MRS /R-35 Y 5 FE, fﬂ%T%B@ﬁrﬁ'Iﬁfﬁ, HEM K fRIML
Mt e, BN, @IEABEREAE B, » AR, My, — Mgy, Qf — 12Q, BEFRE FAZE, ARAMIZRE X
(10)-(12) 7£ FidZE#e Nt A48

1
va _)/U/a, wab N wab’ wa —>/151,ba (77)

The field equations must be invariant under these rescalings, and therefore the action must scale homo-
geneously under (77). Since the Einstein-Hilbert term scales as A2, all terms must scale in the same way, and
this restricts the candidate terms in the Lagrangian.

BT RREIX AR N A, R EHERIITE (77) DFFRIRNE, T2 FHE - /R BRI
RIFRIEDN 2, FE AR A M RIBIAREE, I RRA T hiks B H & A A szl

(5) Finally, requiring that all terms have the same parity as the Einstein-Hilbert term further narrows the

list of candidates.

(5) BJa, EORFTHUTERS & RIHE -/~ R IR AR, P8 T IRIEHTE .,

The Lagrangian for d = 4 Supergravity

d = 4 /@5 THHikE I H &

Following the above rules, one arrives at the d = 4 supergravity action (21). We recall here the steps of the
procedure [8]. The most general Lagrangian four-form satisfying Rule 1 can at most contain two curvatures
and is therefore of the type

G LA, BATRTEMSE] d = 4 85 IEHE 1), TR EBUZIRARAI DB (8], 2N
1 iR — RS H B2 W& Wi, FEy

L=RARBusp + Ry, + A (78)
with ©
Hrr 6
RARBUZ) = ¢, R®R g + c,RPRWM + ¢3RIR® + c40p + C5pYsp (79)
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The first two are total derivatives and are related to the Euler characteristic and to the Pontryagin number
of M* . The last three can be reduced to linear terms in the curvatures plus total derivatives. Actually scaling
invariance eliminates all the terms in (79) except R°R® , since the Einstein term scales as A? . The torsion-

squared term can be reduced to a linear term since

RPN 2T, 2B  M* BIRCHDR PO e s L 288 i = T AT Ao R A e M T 4
FH AREAZMERTHZE (79) FFER ROROINNUFTEIN, B2 RIUHHITRIPREE N 22 o HERF- 75 5TA]
L NEMETH, R A2

RORY = (DV“ = %Ey%) R% = d (VIR) + VO (=R%V® + ighy"p) - Py YR

(80)
in virtue of the Bianchi identity (13). This leaves us with a Lagrangian of the form

X T HEAEEK 13), HHBANSEIN MERHAE R H &:

L=A+v0y,R%® +v,R + 0p (81)
where
Hrp
A = A1Epeg VEVIVEVYE 4 itye0poqPyPPVEVE + iy hydypvayd (82)
Vab = Bi€abedVVE + B2VAVP + iB3dyapth + iBagancar* (83)
Vg = imPrad (84)
U = 01Y5YaPVe + i85y, Ve (85)

are the most general Lorentz covariant terms. Notice that the only nonvanishing 1 currents are Eyagb
and Eyabzp. Correct A? scaling of L drastically reduces the possible terms: o = a, = a3 = 83 = f4 = 0
. Moreover parity implies 8, = n; = 8, = 0 (all terms must have the same parity as the Einstein term
RbVeyde 4, i.e., must be pseudoscalars). Thus, we finally have

BB RIEC AT, R, gy Fl Yy BAEBTM Py e L EFR 2 bREERAIE
D TRIBERIIN: aq = ap = a3 = B3 = By = 0o MHN, FHREREGH B, =, = 6, = 0 FTAUIITF
FRAZ S 2 RITE I RO VeV e ey — 3, BILAUZIEIRE), B, Tl TmEGE:

L = B1€apeaRPVEVE + 8, 9y57,0V (86)
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6 Repeated indices are contracted with the Minkowski flat metric.

6 B fabr X P LA

The requirement (3) that the vacuum be a solution of the field equations fixes the last parameter a = 6,/8;

. Indeed, the field equations obtained from the Lagrangian (86) by varying V¢, w?? , and ¢ are, respectively,

HZE R RMRIER ) E TG — 128 a = 6,/8, . FHE L, HMNEASHIHE (86) 747>
V4, o Fl 3 B2 TN

2RV Ceapeq + apysyap = 0 (87)

1 —
2DVVieqpeq + 7aPYsYa¥apdVe =0 (88)
2aysyapV*® — aysyapR* =0 (89)

To find the first is immediate; for the second, we only have to recall that varying @ in R yields R =
D (5 wab) and that by integrating by parts the Lorentz covariant derivative D can be transferred on V¢ . Finally,

for the gravitino variation, we have

BADEERAT D EEGE; ME AR, WIMNRFLM: X R Py o 53152 5R® =
D (6w%), XorERRIE, BCAN RS D ATLERE ve b, &G, M3IOMTER, BITA:

~5L = (89) 1s1aDYV* + Prstal (5%) V° = (90)

= (89) 757aDYV? + Pys7, 89DV + Shysy DYV = (91)
=2(69) ¥57aDPVe — 59ysyad (R“ + é%’%) = (92)
= (6%) 2rs7aDPV® — y5Ya¥R%) (93)

in virtue of Eysya 6Y) =— (5@) ¥s7.%¥ and the Fierz identity
X T Pysva (09) = — (59) rsya9 FIT/REIESR
Yarp =0 (94)
Note that using the gamma-algebra identity

R, MM ESENX
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YsYdYab = 2¥50d[a¥b] — i€abed?* (95)

the variational equation (88) can be recast in the form:

25 JikE (88) W LABLE NN g

i —_
2RV peq + y (4= a)Pysya¥apV? =0 (96)

so that the vacuum, defined by vanishing curvatures, is a solution of the field equations (5.21) only if
a=4.

Klt, dFhRE RS EN T (5.21) B, HHM S a=4,

In conclusion, applying the building rules with G = superPoincaré yields the N = 1,d = 4 supergravity
action (21).

gik, RMEMNIN AT G = BEMEE, MSEIT N =1,d = 4 B85 11FH & (21).

Conclusions
Giie
In this review, we have focused mostly on the logic of the group manifold approach, applied to a single

example, i.e.,, N = 1,d = 4 supergravity. Comprehensive discussions on the applications of the method for

the construction of supergravity theories in diverse dimensions can be found in the recent reviews [12,13].

FEIXFRERR, BN EZREREERIEZ T IRAEEM AT B LH, BIN=1,d=4851%, XT
BITIAAEANRIYERE S | B RN, ATEETIASRIA SR [12,13] FHIREI 2T,

We list here some of the advantages/motivations:
BAHERA % T TERTER 2 A A e 8L
« All fields have a group-geometric origin, even if they are not all gauge fields.
- T EEA R LRI, BIE el IE2fEMeis,
« All symmetries have a common origin as diffeomorphisms on G .
« FTENTREMBAIRER, B G LR R,

« There is a systematic procedure based on group geometry to construct actions, invariant under diffeo-

morphisms, and under gauge symmetries closing on a subgroup of G .
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s FHE-EETILMNARGHLIRE, A DIEEMDFER N, BEBMT 6 AT
MTEXFRIE N AR R &

« Supersymmetry is formulated in a very natural way as a diffeomorphism in Grassmann directions of a

supermanifold.
o ENFRPARR B RRFRIR g iR AR hL T 2 77 6] R RIS 2 R,

+ Closer contact is maintained with the usual component actions, whereas in the superfield formalism
the actions look quite different. In fact, the group manifold action interpolates between the component
and the superfield actions of the same supergravity theory (see [19-21]).

« WITRGEM BV BECR E R, iE7 R E BB R B A, L b, B
A B a]AE R —8 5 | I BE R 7> 8 F BB 1 H & 2 MRS (2 00 [19-21]),

« In the group manifold formulation of d = 6 supergravity [22] and d = 10 supergravity [23], the self-dual
conditions for the three-form (in d = 6 ) and five-form (in d = 10 ) curvatures are a yield of the field

equations in the respective superspaces and do not need to be imposed as external constraints.

« f£d =6785177[22] fd =10i@51/7 [23] WEERERIES, =R SN d =6) AHE
HIR M d = 10) B9 HHMES AR NAEZS F37 SRR B ARG R, TEENIMEL AN
A,

Finally, we recall some conceptual advances due to the group-geometric treatment of supergravity:
&, BAEIGE S | R LA FE SR 7 T 2 e

» The generalization to p -form potentials, necessary to treat supergravity theories with p -form fields, in
the framework of free differential algebras (FDA) [8,24- 27], and their dual formulation [28-31].

o 1£H B CEL (FDA) HESE [8,24-27] i) 152 T p B, RXEACEE p EAZHIES )
BRPATRRY, [RINIESH T EMRXH BRI [28-31],

« The bridge between superspace and group manifold methods provided by superintegration, developed
in Refs. [19-21].

o SCHR [19-21] K RHEER 7T, @ RTIRSEHRIE T TR I TR,

A covariant Hamiltonian formalism, initially proposed in [32-34], based on the definition of field mo-
menta as derivatives of the Lagrangian with respect to the exterior derivative of the fields, not involving
a preferred direction (time). Recent developments [35,36] include the construction of all canonical
symmetry generators for N = 1,d = 4 supergravity [36]. This covariant Hamiltonian formalism can
also be generalized to a noncommutative (twisted) setting [37], describing noncommutative twisted
(super)gravity [38,39].
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o VERETTEAR, ROTHSCHR [32-34] 2, ZAERKaEE ORISR H 2 X5 5My
SRS, AMSwE 77 a (R, JEEAR SRR [35,36]) BIEME T N = 1,d = 4 #5119
F B IEMPS AR BLTT [36]0 XSGR AR IE AT DAE RN 2 () AEZE [37], FHBA
HIRAEXN ZH (8) 5177 [38,39],
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Appendix: Group Manifold Geometry

Bk sk BRI T LA

This brief resumé is taken from section 2 of [11]. We start from a Lie algebra Lie (G) , with generators T,
satisfying the commutation relations

IX A7 iy BRI SR [11] BO58 2 19, FRATTMEREL Lie (G) JT4a, HAERUT T, RN 5K R

[T, Tg] = C€apTc 97)

For simplicity, we consider only usual Lie algebras. The extension to superalgebras is straightforward

and only necessitates extra signs (e.g., anticommutators for fermionic generators) due to gradings.

NEER, FATXEMHEEEPRARE, 2B ARE R ERN, BT oRel, FHEE
HINS IANTTS (BN SR 7L BRTTR R 5 ).

A generic group element g € G connected with the identity 7 can be expressed as

HEfor 7 EENEERTR g € G A TN

g=exp(yTy) =y (98)

where y# are the (exponential) coordinates of the group manifold. Each element of G is labeled by the co-
ordinates y4 , and for notational economy, we denote it simply by y . Similarly, yx stands for exp (yA TA) exp (xB TB)

, the product of two group elements, and by (yx)M , we denote the corresponding coordinates.

Hirp A BEERY L (G550 45, G IEATEREARER y4 FRiT, NRIEE, TOMEEITN
Yo F, yx fREFI BRI exp (VAT,) exp (xBTy) , Tl (o)™ BRICH REIRAIA b,

Consider now (yx)M as a function & of x4 :
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BIAENS (px)™ BAE xA ARS8 :

0™ = yM 4 el (y) xA + B (1) xAxB + .. (99)

For infinitesimal x :

XTI x

a
(yx)M =M+ (xA1 ) yM = (1 + xAta) M, ta = ea™ () Y (100)

so that the t4 are a differential representation of the abstract generators T4 and satisfy therefore the same
algebra:

I ¢4 BMRERTT Ty IR, SRR

[ta,tg] = C€ aptc (101)

The geometrical meaning of the components eX (y) in Eq. (99) is clear: consider the infinitesimal dis-

placement 5, y™ due to the (right) action of 1 + €T (¢ = infinitesimal parameter). Then

2 (99) o3& e (y) BT LATE SARBAR: BIE 1 + eTy(e = L5/ NS0 B (F) TERHRINTES /N
fif% s,9M , WE

SayM = el (v) (102)

7 Hereafter, G indicates the part of the group connected with the identity.
TR, GRS BATEBRIRE T S
8 Since G is a Lie group, this function is smooth.

ST G R, ZHREUREIER,

and the dim G vectors e4™ (y),A = 1,...dim G are simply the tangent vectors at y in the direction of

the displacements 5,y . It is customary to call tangent vector along the T, direction the whole differential

operator t4 = e, () aiN . Note that e4™ is an invertible matrix, since the map y — yx is a diffeomorphism.
y

Hdim G K& e, (y),A =1,...dim G IE72 y JIRAIAS 6, yM T7ARIYIA R, EE BN BT
ta=esN () ayiN MM Ty TTEEIVIIA R, TERE e ™ BANEIERE, R y — yx 2o FE,
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The t4 () span the tangent space of G at y : they form a contravariant basis. The "coordinate” basis, given
by the vectors ayiN , is related to the t4 (the intrinsic basis) via the nondegenerate matrix e AN . The indices A,
B,...are tangent space indices ("flat” indices) and are inert under y coordinate transformations. The indices
M, N,... are coordinate indices ("world” indices) and do transform under coordinate transformations in the

usual way (see later). Next, we define the one-forms o4 () as the duals of the ¢ :

ta () KA T y &b G WPIZEH: B R — M EAEs, mRE — 2 ~ ZAHAY “AbR” @ ARE
FERE e N 5NAE 1, KK T6hR A, B--- Y RFER ( “$iﬁ” i‘aﬁ\), £ y AR AL, FEbR
M, N---B2EFREAR ( TSR F5hR), 1%H M7 AR PR B R (LRS0), #PREATE E
o (y) 0 t4 BN

o4 (tg) = 8% (103)

The o are a covariant basis (the intrinsic vielbein basis) for the dual of the tangent space, called cotan-

gent space (the space of one-form). The “coordinate” cotangent basis dual to the aiN vectors is given by the
y

differentials dyM (dyM (ayiN> = 6¥ ). The components of 0 (y) on the coordinate basis are denoted e4; () :

A IR B A (REIZEE, B —Te A i) M (ERR4EL), Xﬂ%?—%iﬁ’]
CURRRT RYIEERMSY dyM (dyM(ayiN)=a,ﬂg S, oA (y) TEARKREL FIS BTN M(y):

o (y) = ey () dyM (104)

From the duality of the tangent and cotangent bases, we find

)23 A S AR ROS M, BTS2

efyeM =54 (105)

eMeyr = oM (106)

Note 1: Substituting t4 by e, () aiN into the commutator (101) leads to the differential condition on
M () - Y
ea” (¥):

T 1: 85ty BHON eaN () ayiN RAKZ K (101), 155 ey™ (y) BHRAIT 51
—Ze[ANeB]MaNeMC = CCAB (107)

Note 2: Computing the exterior derivative of o4 , using equations (104) and (107) leads to the equations

1 2: A (104) 71 (107) HE oA BI9MAS, 52151
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do4 + 1CA aBAact =0 (108)
D) BC

These are called Maurer-Cartan (MC) equations and provide a dual formulation of Lie algebras in terms
of the one-form ¢ . It is immediate to verify that the closure of the exterior derivative (d? = 0) is equivalent

to the Jacobi identities for the structure constants:

IR E/R-5H (MC) g, B4t TRREBMH—TTiE R o FRIEE R, rTUEER
Uk, AM¥or (d? = 0) BUEFPAITESSE TG0 B i i A T b 1E S =X

CApcCBpr =0 (109)
(apply d to Eq. (108)).
28 (108) A d )

Note 3: Defining o (y) = 0 (¥) T4 , the MC equations (108) take the form

E3EL o) =0 () Ty JT, MCJi7E (108) AIE N

do+oAc=0 (110)

The Lie-valued one-form o (y) can also be constructed directly from the group element y :

PE—TTEX o (y) AT AERMEETT y IR E:

o(y)=y"'dy (111)

It is easy to verify that (111) satisfies the MC equation (110) (use dy~! = —y~'dyy~!). Moreover, it
takes the same value as ep;Ady™ T, at the origin y = 0. Indeed, from the definition of e,™ in Eq. (99), one
sees that e,M(y = 0) = 6}, and therefore ep” (0)dyM T, = dy4T, . This value coincides with y‘ldy|y:O
since y‘1|y=0 = [ group unit ] and dy|,_, = dyAT, (from (98)). This observation suffices to conclude that

y~ldy is equal to ey 4 () dyM T, .

BHWIUE (111) /@ MC 7712 (110), FWIEEEAIEMH dy™! = —y~ldyy™). I, fEFEFRy =0
W5 ey AdyMT, BUEMFE, SEFr L, HFN (99) e ,M BIE XA Hl eaM(y = 0) = 6¥, WA
en (0)dyMT, = dyAT, . %ES yldyl —5, K y7!,—o = [ group unit ] H dyl,_, = dyAT,
, IXRHEI (98), ZMEELUEH y~1dy FTF ey () dyMTy o

Soft Group Manifold

PR

Consider a smooth deformation G of the group manifold G . Its vielbein field is given by the intrinsic

cotangent basis, defined for any differentiable manifold:
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FERFRIY G M—MERPE G, HARRGHNGERYIEAN, e UEH TEREMMRIE:

pA () = iy () dyM (112)

where we use the symbol u for the soft vielbein. In general, 44 does not satisfy the MC equations any-

more, so that

HABMANS u REARR, —RiE, pt AR BE/R-ZI0E, BtE

1
du? + ECABC/,LB AUC =RA#0 (113)

The extent of the deformation G — G is measured by the curvature two-form R4 . R4 = 0 implies

A

u? = o4 and vice versa.

WA G - G WimERERMRE PR R ER, RY =0&HE ut =0, RZIF K.

Applying the external derivative d to the definition (113), using d?> = 0 and the Jacobi identities on C4 5
, yields the Bianchi identities

X (113) FE NN d, R d? = 0 MIERT CApc WHERTHUIEE S, WIS e
FH

(VR)* = dRA — CARcRB AU =0 (114)

Diffeomorphisms and Lie Derivative
RS2 S8
First, we discuss the variation under diffeomorphisms of the vielbein field u” (y) :
B, BANHEARRY u (v) FEM D FIR T RI2E5):
KA +8y) — kA () = 8 iy ) dy™] =
= (Onu) SYNdY™ + uy (OnSYM) dyN =
=dyN [5N5YA + 6yM (aMﬂﬁ - aNﬂ'JL\‘/I)] =

= dsy* —2uB&yC(dut) . = d (tsyk?) + tsydp? (115)

where
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5

Syt = syMudy, 8y = 6yMay, dut = (du?), uB A LS, (116)

and the contraction ¢; along a tangent vector ¢ is defined on p -forms

WA « BRI o & AE p -TB Lk

Dp) = C"Bl...Bp,MBl A .. A uBp W)

as

W) = ptiwap, g, M2 A o AP (118)

Note that ¢, maps p -forms into (p — 1) -forms. The operator

ER o K p XS (p-1) B BET

¢y =dy +ud (119)

is called the Lie derivative along the tangent vector t and maps p -forms into p -forms. As shown in Eq.
(115), the Lie derivative of the one-form 4 along 8y gives its variation under the diffeomorphism y — y + 8y
. This holds true for any p -form.

MONIERYIR & ¢ KRS, B p JERBESN p -, a1 115) R, 183 p 1 6y FIZRSEL
H[HHAAMAIFER y - y+ 8y TR, XMER p -JERE KL

We now rewrite the variation Sy of Eq. (115) in a suggestive way, by adding and subtracting C4 gcuB8y¢

BATER K 115) 7> Sut RENEEMMTER, BEME CApcuBsy” 52

out = dsy* + CApcuP Sy — 2uPsyC(dut) . — CApep®8y°© (120)
= (V8y)" + 15,RA (121)

where we have used the definition (113) for the curvature, and the G -covariant derivative V acts on §y4

as

HAFATHE TiRE X (113), H G S Vv X sy BRITER N

(Voy)* = duA + CAgouBsyr (122)
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The Algebra of Lie Derivatives

ZRBUREL
The algebra of diffeomorphisms is given by the commutators of Lie derivatives:

flor IR R 2= S RO 5 744 th:

[65’1464’ gE]zng = €53Cfc (123)
with
Hrp
€5 = {19,465 — 8,8 — 26 B RS (124)
and
H
1
RS$p =R — ECEB (125)

The components R4 are defined by R4 = R4 u? A u€ . The closure of the algebra requires the Bianchi
identities (114), which we can rewrite in the form

98t RAc HI RA = RAcuE ApC L, FIIUEIAME R e et (114), FRATATUSHBE N
R

OsREp) + 2R ppREpy = O (126)

To prove (123), just apply both sides of the equation to the soft vielbein u4 .

ZUEA (123), RFRKETTEMIGRINAEH TR ut BIAT,

Integration on Supermanifolds: Integral Forms

@it LR Bl g

In this Appendix, taken from section 4 of [12], we recall basic results in superman-ifold integration (see,
for example, [40] for a recent review or [41] for a textbook) and new developments concerning integral forms,
discussed in Refs. [19-21].
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AU 1SR [121 1955 4 17, BEIBUER A O BALE R QEHISOATT S L [40], HHATS
W [41]), BAR B SOk [19-21] TSI TR R IOHTIE .

We have defined the supergravity action (21) as an integral of a top form on the superPoincaré group
manifold. We have given explicitly only the four-form Lagrangian, postponing the precise expression of 74
to the present Appendix. In fact, in the supergravity case, we have tacitly assumed typical properties of bosonic
integration, as, for example, the existence of a top form and Stokes’ theorem. Here, we want to justify these

assumptions and give a short account of superintegration theory.

TN HIERE (1) & SOvBENBEEHATY k&SRR 2, BATHATERAH T
PRSI H &, R e BIRIAROERHERBIA SRS . SKhr b, £85I 018EH, BTG
B 7 B BRI, AN i s OOE SR E AT s e B, AT B 7EIERTIX 2R
RHEHEME, FFREMHERDEIL,

The construction of actions invariant under diffeomorphisms is solved ab initio in ordinary integration

theory by form integration. The integral of a d -form

FER @R EIe T, for FEA 2 B RHEN—THasNEd B iR 7. d JERBIR

@ = Oy gl (x)dx*t A --- AdxHd (127)

on a d -dimensional manifold M¢ is defined by

£ d 4E I M9 Bl RRE X

1
= fde(d) - /Md 1%l -pal (x) et Haddyx, (128)

i.e., by usual (Riemann-Lebesgue) integration on M? of the function %a)[ﬂl,,, gl (x) et1Hd | where
gt1"Hd g the Levi-Civita antisymmetric symbol in the coordinate basis, a tensor density of weight -1 . There-
fore,

B, B ATEREL — 0y, ..pnq) () €170 6 MY LR (BB L) L5, Horb ot B ARARIE
HRIBIGE- AT LS SOMFRIT B, 2ACH-1 (3K R, R,

gl Haddy = g Hadx! Ao A dxd (129)

is a tensor, and the integrand of (128) is a scalar.
= MokE, (128) FHIHEREUZ IR g,

As in the previous sections, we can consider infinitesimal diffeomorphisms as active transformations,

generated by the Lie derivative €, = t.d + dt. . Then the form integral (128) transforms as
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FHRTTE L —4E, BATRI AR IS /Ml RN 2= SHL 6, = 1 od + di, BRI S, B2
e (128) HYZLHN

51 = / .0 @ = f (ted + dtp) 0@ =0 (130)
Md Md

since dw@ = 0 (@ is a top form) and f,;4d (t.w) = 0 for appropriate boundary conditions. Thus, we
have checked invariance of the form integral under infinitesimal differentials generated by the Lie derivative.
Note that the existence of a top form, namely, the fact that a d -form is closed on M9 , is crucial to ensure

action invariance under differentials.

(N do@® = 0(0@ BEESRER), EEEIILTEST [1ad (0) = 0 RIZ, BILFRAITERIE T
AN EZ SEA RIS /MY FIR TR, R, ReXIEAEE, B dBRE me
RN SR, MREM 2 FEIE N ERH BN Z R EE,

Can we generalize form integration to supermanifolds and use it to construct actions automatically in-
variant under superdiffeomorphisms? The answer to both questions is affirmative.

BATRE R BI@HY, J+HEmE B ahi e il s REAZR PR R E? AR
B SRR EE N,

In analogy with the bosonic case, integration on forms living on supermanifolds is defined via integration
of functions in superspace. Consider a function ® (x, 6) , defined on a supermanifold M4 with d bosonic
coordinates x and m fermionic (anticommuting) coordinates 6% . It is called a superfield and can be expanded
in the 6% coordinates:

S EEIERE, Eim BRI s R LSRR E e FEE XAERA d PRt
B x Fl m ADZK (A 5) 4eh7 6% BB IR MAm ERIBREL & (x,0) » IXBREFR i, wiik o« 2
INESAE

@ (x,0) = ¢ (X) + b, (X) % + Py, (X) 671072 + -+ + Py .. qpy, () 071 - BFm

(131)
The functions ¢a1---ap (x) are called superfield components and have antisym-metrized indices due to
the anticommuting 8’ s in the expansion (131). The integral of the superfield on M4 is defined by Berezin

integration:

B ¢, () BRI R, HITRITN (13D HRA S0, 2EHTARMIRMIER, @51
Mam bR BIB9SO

f @ (x,0)dexd™0 = f L b ()€ m iy (132)
Mdim Mmd m! "

Only the highest component of ® (corresponding to the maximal number of 8 s) enters the integral on
M4
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HE o Mk & N RZEERN 0) 2 HBIE M4 I3,

Note the striking similarity between the two integrals (128) and (132). In fact, we can define form inte-
gration in terms of Berezin integration. Consider the differentials dx in the d -form (127) as anticommuting

coordinates £# = dx* , so that w® becomes a function of x and ¢ :

TRIERR Y (128) F1 (132) Z AR ARIARUE, sk b, FRATTAT DA T DU HR Y SOB R 0, 1
dx -JE3 (127) HEIRSY d VEREZHAEAR & = dx# , HIIE 0@ FIZE09 x F1 & AYBREK:

@ (x,6) = Oy -ig] (x) M ... EHd (133)

Then its Berezin integral on M?!4 exactly yields the form integral (128). This observation is the key for a
definition of superform integration on supermanifolds.

A2 Ext MAUd fFIBIER a4 4 T R0 (128), X —WLEs R SGRE Y _EE Y IR %
Lo

A natural generalization of a bosonic top form (127) is a (d + m) -superform:

PO 127) B— BRI 2 (d + m) @E

@M (3, 0) = Wy, py ety -t} (X 0) AXFL A -+ AdxFd A dOFL A -+ A dE%m

“*Hd

(134)

Note that the d6 differentials commute (since the 0 s are anticommuting), so that the indices a; are sym-
metrized. For this reason, w@*+™ cannot be a top form: a superform can have an arbitrary number of d differ-
entials, and its exterior derivative does not vanish. Let’s ignore for the moment this difficulty and try to define
a superform integral. Inspired by the observation in the preceding paragraph, we consider the superform
od+m) (x, 0) as a function of x, 6, dx, d6 , i.e., a function of the commuting variables X, d6 and anticommut-
ing variables 6, dx . Its integral can be defined by Berezin integration on 6, dx , and usual Riemann-Lebesgue
integration on x,d6 . Here, a second difficulty arises: the ordinary integration on the u = d6 coordinates
produces integrals of the type

TER dO MY RS (B 6 RN Z 1), RIMARIR o TENFRL, FIH, @™ FalaEz
fi B R A] IS ERSER d6 My, BHANSEA N, BATERMEX MM, Z{E
MR, ZAT—BWENELR, BRI 04 (x,6) BIF x, 0, dx, do (R, HIZ#Ht
L x,d6 IR 52 & 6, dx HIEE, BRI A SO 6, dx BIBIZIEA Y, X x,d6 BIHHL
RE-WUEI Ty, XEHI T AEME: A u = do PRI 215 2100 SRR

fumdmu (135)

and there is no algorithmic way to assign a C -number to it. For the integral on the even variables u = df
to make sense, the integrand must have a compact support as a function of u . For this reason, we consider
functions of the d6 s which are distributions in d6 with support at the origin:
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BAREEETRANERE - C 8. ZILEER u=do6 LBAREN, PRIEEEN u H
BB MBA R, B, BB BAR SR EN do EoaAh, 184 do R

@ (x,6,dx, d6) = Wiy, .., (X, 0) dxH1 - dxHa§ (d6") --- & (d™) (136)

These "functions” can be integrated on the supermanifold M?+™4+™ spanned by the d + m bosonic

variables x, d9 and d + m fermionic variables dx, 6 . The integral

X4 B AT DATEH d + m DA R x, d6 Fl d + m D EKFL R dx, 6 KA Md+midtm
£y, B

f w (x,6,dx,d6)d¥xd™ed? (dx) d™ (db) (137)
Md+mid+m

is defined by Berezin integration on the odd variables dx, 8 and usual Riemann-Lebesgue integration on

the even variables x, d6 . Carrying out integration on the variables dx and d@ , the integral becomes

TE SN R dx, 6 FIRIFIERIY, MEZE x,do FHEMRE-#HIUEIAD. RN ZER dx
de R IE, aZEN

/ Wy ovoppg) (%, 8) 1 Hadxd™ (138)
Mdlm

This integral can also be seen as an integral of the form:

XA AT DA gn Mg

W™ = @y ) (6,0) 8 (ul) - 6 (W) dxFr A -+ AdxFd Adul A A du™

(139)
where the even variables u are the differentials d6 . Indeed, let us integrate this form with the recipe
of considering it a function of x, 6, u and of the differentials dx, du , and then using Berezin and Riemann

integration according to the odd or even grading of the variables. The result coincides with (138).

HA 2R u UM d6 . FK L, BIHLRIZTENEE x, 6,u MY dx, du RIS, FRYE
A BRI R A SRR FIRR S AU IR HAR Gy, 8555 (138) —3K

Thus, the form %™ can be integrated, even if it contains d6 differentials. We achieve this by confining
the dd’ sinside delta functions and in this way overcome the first difficulty encountered with the superforms
(134). But can w¥™ overcome also the second difficulty and be a top form? The answer is yes: the dx and du

dim js already maximal, and multiplying it by d@

differentials are all anticommuting, so that their number in w
differentials gives zero because of the presence of the deltas. Therefore, dw?™ = 0, and @™ is a bona fide

top form. Since it can be integrated and it is a top form, ™ is called an integral top form.
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Kk, BIEE ™ 6035 d6 Moy, BAIAR D, A TEIER do IRHITEM/RIE BN ERR S
PIEX— i, DA USRI S — MR (134), (H o™ REEG AR —MHER, BCA—1 top
TEE? B2 EEN: dx F du AR R, RILENTE o9 hf R CEIXBIm A, 1
HITU/RIER N ETE, Bk do MY 2BEIE, Fit, dod™ =0, ol™ Z—NHEIER top JE
Ko BT EADHR top B, Fit o™ HHRAI top B

Finally, using the notation

w®a, BHILS

S(u')--sWMdu' A Adum =8 (U ) A ASU™) (140)

the integral top form can be rewritten (using u = d6 ):

53 top TE AT AEES N (FIFH u = do ):

@l = gy (6,0) dXFLA - AdxFd A8 (dOY) A -+ A S (dO™) (141)
or also
WEIIYEED)
wdlm — w[#r"#d][al'“am] (X, 6) dxH1 A -oo AdxHd A 5(d6051) A A a(deam)
(142)

where indices « are antisymmetrized since the § (d6%) anticommute and

HA il T 6 (de™) fexcHt, bR o SR, H

Dy, pig] = Dlpay oo l1-m) (143)

In this notation, x4 and « indices play a similar role and are both antisymmetrized. The numbers d and

dm are, respectively, called the form number and the picture number, and for integral top forms, they coincide

with the numbers of bosonic and fermionic dimensions of the supermanifold M@/™ .

FEIZILS N, wiehns a fEbRERIRIL, BRESONFRIL. 0 d FT dm 2 RIgHO BRI, Xt
TR top B, EMNIRIETRBITE MA™ 5 S TORAE L,

We call "superforms” the forms of the kind (134), with dx and d differentials, without & (d6) s. Thus,

superforms have a form number that counts the dx, d6 differentials and zero picture number. For example,

the Lagrangian in (21) is a superform L*°

AU (134). &A dx 1 dé oy BAE 6 (d0) FIERFRN B, Fit, @BrEE
W dx,do oy, BREONE, BIW, (21) RRRAEEIH &Rte@Ei L4,
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Integration on Submanifolds of Supermanifolds

M R Ry A W5

Supergravity actions on supergroup manifolds G are given by integrals of a d -form Lagrangian L on
a d -dimensional (bosonic) submanifold M? of G . They can be written as integrals on the whole G of the
Lagrangian multiplied by an appropriate Poincaré dual 7,4 of M9 , such that L A 7,4 becomes an integral
top form. Let us see how this works for N = 1, d = 4 supergravity.

B G LRSI EH R d BN CR L1E G Y d 4 G e FiE M9 LR A, BN
ARG WA G LRI frRE R b MY I — DN EIERIENSEN 8 npra , 5 L A npga BOTA]
R, PHRBAREIZXEN = 1,d = 4 85 Z2TaER,

The supergravity Lagrangian in (21) is a (4 | 0) superform. For simplicity, we now assume that fields
satisfy the Lorentz horizontality constraints on all the curvatures and thus effectively depend only on the
superspace coordinates x#, 0% , withu = 1,...4,a = 1,...4. Then G is M4 superspace, and only integral
top forms of type (4|4) can be integrated on M** . We therefore need a Poincaré dual of type (0 | 4), so that

(21) FFRYES | DR RER D (4| 0) R, NEERL, BAITEAERIZSIH 2T R ER7Ee
2R, RIS SR EAURMT a2 AR AR x4, 6%, Hifi u= 1,...4,a=1,..4, I
G2 M4 =i, A (414) BRI AT S OB AT DATE M41¢ ERGy, IREERATTRE 1 (01 4)
RIR A, S

40 At (144)

is an integral top form, i.e., of type (4|4). For this purpose, we choose

A — DA RS IKIE, BIZREDN (414), IHBRATTER

Nops = Eapys® 0P O 000,58 (d6% ) A 8 (dOP ) A 5 (d6"" ) A 6 (dE%) (145)
so that
H it 15
/ 40 Al = f I49(6 = 0,d6 = 0) (146)
MA4l4 M4

and we obtain a spacetime action, where all fields depend only on x -coordinates (the terms containing
s are annihilated by the presence of the 46s in 7 ) and have no “legs” d6 because of the § (d6) in 7 . Note that

ng,lfi is closed and the explicit s prevent it to be exact.

BTSN R, H A OURIT x 45% (& 6s BITIEHE n 7 46s T ETER), 3
HiT 7 #i05(d6) , 5188 XM do. TER nll RIE, @A os BLILE R4,
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Since multiplying by the Poincaré dual changes the picture number of the resulting form, 7 is also called

picture changing operator (PCO), a name borrowed from string theory and string field theory.

3k _E SR RS A SRR B, LRy EEHE T (PCO), XMaFkfE BZIEM
3774108

The Poincaré dual is by no means unique: we can orient the M* surface inside G in many different
ways. For example, consider the PCO obtained by acting on # with an infinitesimal diffeomorphism in the 8

directions:

P AN (B2 AR — f4: FRATTRT PO 2 MR A 77 2UAE G NERIEE M4 fhimifE . Blan,
n I 6 T3 EICSS /M or RIS I 1Y B 22 7

N =n+€n=n+d(n) (147)

This is still a PCO, being closed and not exact ° , and dual to a submanifold diffeomorphic to the original
M* . Note also that the change in 7 is exact.

BRI EERE T RAMAME SR °, BEXMET - DN5E M* Mo RN FRE. EF%E
TR, 7 BZRARBER,

9 Because 7 is closed and not exact and d commutes with ¢, .

o KN n BHAmARGE SR, Hd5 e M5,

Gamma Matricesind =3 +1

d =3+ 1 FFRYMI S RERE

Nab = (L, =1, =1,=1), {¥a, 7} = 2%ap> [Ya»¥b] = 2Vab> (148)
Ys = —iYo¥172¥3> ¥s¥s = 1, ooz = —€212% =1, (149)
¥ F_
Ya =YoYaYo» Vs =75 (150)
W=-cy,c\, yI=cysc!, c2=-1, cT=-C (151)
Useful Identities
HH1EER
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YaVb = Yab t+ Nab
i cd
Yab?s = _Egabcdy
YabYe = Mbc¥a — Nac¥b t iEabch/SYd
YeVab = NacYb — Mbc¥a T iEabchSVd
Ya¥b¥e = Nab¥e + Mbc¥a = NacVb + iabeals?*

. b
Y®Yea = ie%ys — 40[0YY) — 252

Charge Conjugation and Majorana Condition
FaLfe] A8 5 SR
Dirac conjugate ¢ = 9y,
T
Charge conjugate spinor 3¢ = C(¢)
Majorana spinor ¢ = 1 = ¢ = pTC

Fierz Identity for Two Spinor One-Forms

PIAiE R — 1B AR R R B S

W7 = [0+ @) 15 + @9 v+ @rrs) vars — 5 () Yo |
(161)

Fierz Identity for Two Majorana Spinor One-Forms

P B Ehi el e it — R HE R IR A

PP = [@yaw) Ya — % (¥r*ty) Vab]

I

Asa consequence

EEfiCIEE
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(152)

(153)

(154)

(155)

(156)

(157)

(158)

(159)

(160)

(162)



Ya¥9roP = 0, PPyy — ypYppy?PP =0 (163)

Cross-References

X5

Covariant Superspace Approaches to V' = 2 Supergravity
N =2 @5 I HI R ] 75 TR
+ 11D Supergravity and Hidden Symmetries
o 11 4517 5 REEOS AR
« N = 2 Supergravities in Harmonic Superspace
« JEFTEEENR N =2 8510
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